The results of a numerical study of the magnetic dynamo effect in cylindrical von Kármán plasma flow are presented with parameters relevant to the Madison Plasma Couette Experiment (MPCX). This experiment is designed to investigate a broad class of phenomena in flowing plasmas.
I. INTRODUCTION
The dynamo phenomena, where magnetic fields are self-generated by a moving and electrically conducting fluid, is one of the most intriguing subjects of modern magnetohydrodynamics (MHD). Dynamos have particularly important applications in astrophysics [1, 2] .
Today it is widely believed that the magnetic fields of planets and stars originate from dynamo action in their interiors [3] [4] [5] . As far as we know, all astrophysical dynamos are turbulent with extremely high fluid Reynolds numbers Re, which makes theoretical treatments very involved and realistic simulations are currently impossible. At the same time, some key physical processes likely at work in astrophysical dynamos can be revealed by considering idealized laminar dynamos related to spatially smooth stationary velocity fields at comparatively low Re. In particular, the theoretical study of laminar dynamos allows one to determine the critical magnetic Reynolds number, above which dynamo excitation takes place, to find the structure and magnitude of saturated dynamo field, and to understand the influence on the dynamo of different plasma effects, such as compressibility, two-fluid effects, and anisotropic transport.
A number of laminar MHD flows appropriate for dynamo generation have been analyzed in the literature [6] [7] [8] [9] [10] [11] . In most of these studies only the kinematic dynamo problem has been considered, in which the magnetic induction equation is solved as an eigenvalue problem for a given velocity field (not necessarily satisfying the Navier-Stokes equation) to find the growth rate of the magnetic field. The non-linear feedback of the fields on the flows is ignored in the kinematic treatment. Among the laminar flows that lead to kinematic dynamos at sufficiently high magnetic Reynolds numbers are cylindrical helical jets (Ponomarenko dynamo [6] ), two-dimensional spatially periodic arrays of helical jets (Roberts' scheme [7] ), cylindrical von Kármán [8] and Taylor-Couette flows [9] , and spherical Dudley-James flows [10] . The first three of these flows have been tested recently in experiments with liquid sodium, and successful observations of dynamo action have been reported in Refs. [12] [13] [14] . The flows in these experiments were turbulent, thus making it difficult to compare experimental data with predictions of laminar dynamo theory, although in the first two, the role of turbulence was small as the flows were strongly constrained. This is a common disadvantage of all liquid metal dynamo experiments: the extremely low magnetic Prandtl numbers (the ratio of kinetic viscosity ν to resistivity η or, equivalently, the ratio of magnetic Reynolds to fluid Reynolds P m = ν/η = Rm/Re ∼ 10 −5 for liquid sodium) requires very high fluid Reynolds numbers (Re ∼ 10 6 − 10 7 ) in order to achieve the magnetic Reynolds number sufficient for dynamo action (Rm ∼ 10 1 − 10 2 ) in liquid metals. As a result the relevant flow is always turbulent.
The present paper is motivated by the Madison Plasma Couette Experiment (MPCX) [15] , which is designed to study MHD phenomena driven by plasma flows. One of the novelties of this experiment is the ability to change the magnetic Prandtl number of the plasma by several orders of magnitude from P m << 1 to P m >> 1. This flexibility makes it possible to investigate laminar dynamos by choosing a regime with P m ∼ 1 − 10 and Re ∼ 10 2 . As a result the direct comparison of experimental data with numerical simulations of laminar dynamo can be performed. Such a comparison can also be used for the first time to test different MHD models as well as the numerical codes which simulate them.
The goal of this study is to investigate possible dynamo action in the MPCX using the extended MHD code NIMROD [16] , which can accurately model plasma dynamics in the specific geometry for realistic experimental conditions. Among the features of NIMROD is the possibility to study effects beyond standard MHD, including the addition of the Hall term in Ohm's law. The effect of the Hall term on dynamo action has recently been studied in periodic box simulations [18, 19] , and the Hall term will almost certainly play an important role in MPCX. The results of our simulations can also be used for the optimization of plasma parameters and as a guidance for the experimental operation.
In this paper we report the results of NIMROD simulations of laminar magnetic dynamo in the cylindrical von Kármán flow under conditions relevant to MPCX. Simulations are done for an isothermal compressible MHD plasma model with and without two-fluid effects (the Hall term). The structure of the paper is following. In section II we briefly review the MPCX experiment and describe the NIMROD plasma model. In section III the hydrodynamical properties of von Kármán flow are studied. In section IV the kinematic dynamo problem is considered for von Kármán flow in a cylinder, and the self-generation of the magnetic field is demonstrated for parameters achievable in the experiment. In section V the results of simulations of nonlinear dynamo saturation are presented, and the effect of the Hall term is studied. In section VI we conclude with a discussion of the effects that can influence the magnetic dynamo in such plasma flows.
II. NIMROD MODELS OF MPCX
MPCX is closely related to the spherical plasma experiment described in Ref. [20] , though here the geometry is cylindrical and the apparatus is somewhat smaller in size (1 m in diameter). In MPCX the plasma is confined by a multi-cusp magnetic field created by axisymmetric rings of permanent magnets of alternating polarity and localized at the boundary of the cylindrical chamber (Fig. 1 ). There are 10 magnetic rings at the cylindrical wall and 8
at both the top and bottom end-caps. Ring anodes and cathodes positioned between the magnet rings can be biased with arbitrary potentials. The resulting E × B drift of plasma is in the azimuthal direction and can be an arbitrary axisymmetric function at the boundary of the vessel. This arrangement allows arbitrary shear flows to be imposed in the MPCX experiment.
The use of a plasma gives experimentalists great flexibility in choosing the regimes of operation. By varying the plasma density (gas flow rate), ion mass (H, He, Ne, Ar), electron temperature (heating power), and flow speed (bias potentials of electrodes), a wide range of parameters can be achieved in experiment (Table I) . Such flexibility is advantageous over the liquid metal dynamo experiments, where P m is fixed and small. For description of the plasma parameters in our simulations we introduce several standard dimensionless numbers:
Magnetic Prandtl:
Fluid Reynolds:
Magnetic Reynolds:
Mach:
Hall: where ν is the plasma kinematic viscosity, η is the magnetic diffusivity, λ is the Coulomb logarithm (typically λ ≈ 10 − 20), C s is the ion sound speed, γ is the adiabatic index, c is the speed of light, ω pi is the ion plasma frequency and other parameters are defined in Table   I . Formulas (1)- (3) for numerical estimates of P m, Re and Rm are derived from Braginskii equations for a plasma with singly charged ions in a weak magnetic field [21] ; the weak-field approximation is reasonable for the bulk of MPCX because the high-multipole cusp field is concentrated mostly near the wall and quickly falls off away from it. The typical values of these non-dimensional numbers are listed in Table I . For convenience we also give the "inverse" mapping formulary:
Peak driving velocity, km/s:
Average number density, 10 18 m −3 :
Electron temperature, eV:
Ion temperature, eV:
Results presented in this paper are obtained using the extended MHD code NIMROD [16] . As a simulation framework, we choose the isothermal Hall MHD approach. This is one of the simplest NIMROD models allowing for two-fluid effects and compressibility, and this appears to be a good approximation for the plasma under experimental conditions. The equations of this model in non-dimensional form are: Magnetic Reynolds
In these equations τ , n, v and b stand for normalized time, number density, velocity and magnetic field, respectively:
where ρ is the mass density, m i is the ion mass. The unit of length is the cylinder radius R 0 , while V 0 is the peak velocity of the driven von Kármán flow. An important difference of this system of equations (10)- (12) from a standard single-fluid MHD model is the inclusion of the Hall term in the magnetic induction equation (12) , which takes into account two-fluid effects. The magnitude of this term is characterized by the non-dimensional Hall number ε.
We will consider simulations where the Hall term is significant (0 < ε < 1 ) and others where it is absent (ε = 0). The simulations are performed in a non-rotating cylindrical coordinate system (r, ϕ, z), with the plasma occupying the region (0 < r < 1, − 1 < z < 1).
The Hall MHD equations (10)- (12) also require the specification of boundary conditions. Two different sets of boundary conditions are used in the simulations. Set I is used only to demonstrate the possibility of stirring the plasma with the applied multi-cusp magnetic field and an appropriately modulated tangential electric field at the boundary. In set I no-slip, stationary, rigid walls are assumed, so all components of the velocity vanish at the boundary,
For the magnetic and electric fields in set I, we assume perfectly conducting walls, implying that the time-varying normal component of the magnetic field and the time-varying tangential component of the electric field are zero at the boundary:
where the normalized electric field is
Note that the externally applied time-independent multi-cusp magnetic field b 0 and boundary electric field E 0 do not satisfy conditions (14) , and thus provide E 0 × b 0 stirring at the boundary. Using different modulations of the tangential boundary electric field we have successfully simulated several types of flows. All results reported in the later sections are obtained with the boundary conditions of set II. In set II we ignore the applied multi-cusp magnetic field and the tangential electric field. Instead we assume that the driving of the plasma is due to differentially rotating walls.
This assumption greatly simplifies the model and allows us to focus on the physics of the dynamo action and not on details of the plasma driving. The boundary conditions for the full electric and magnetic fields are: (perfectly conducting walls), and the velocity conditions are:
v| z=−1 = −r e ϕ , v| z=1 = r e ϕ (no-slip differentially rotating rigid walls). These velocity boundary conditions correspond approximately to von Kármán flow: the top and bottom end-caps are counter-rotating with the same angular velocity, and the side wall has a linear dependence of angular velocity on z to match the rotation of top and bottom end-caps. This flow is the primary object of our dynamo study.
We briefly remark on the spatial and temporal resolution used in these simulations.
For spatial discretization NIMROD employs a high order finite element method in r-and z-directions and a pseudospectral method in periodic ϕ-direction with dependence e The time dynamics of the flow and the magnetic field were fully reproduced, which confirms that a converged solution is obtained already at the coarser resolution. The solutions are time-evolved using a semi-implicit staggered leap-frogging algorithm, which is fully detailed in Refs. [16, 17] . We should emphasize here that the algorithm employed in NIMROD can be made numerically stable for arbitrarily large time-steps in both single-fluid and Hall MHD by choosing the appropriate coefficients of the semi-implicit operators [17] . However, in order to accurately model the temporal behavior of the system with significant flows, in the present simulations we have used an adaptive time-step based on the explicit CourantFriedrichs-Lewy (CFL) condition for advection. Even in the dynamo simulations, we find that advection by the axisymmetric velocity field dominates the CFL criteria, rather than either the Alfvén or whistler waves associated with the relatively weak magnetic fields.
III. HYDRODYNAMICAL EQUILIBRIUM AND STABILITY
In this section we consider the basic hydrodynamical (no magnetic field, b = 0) properties of von Kármán flow in cylinder, in which the plasma is stirred at the edge via the boundary conditions of set II (16) . We start with axisymmetric case, assuming that physical quantities do not depend on ϕ, i.e., ∂/∂ϕ = 0. Axisymmetric equilibrium flow structure for fluid
Reynolds number Re = 200 and Mach number M = 1 is shown in Fig. 3 . equilibrium velocity v eq (which includes possible non-axisymmetric distortions). Using that velocity, we solve induction equation (12) as an eigenvalue problem for magnetic field with different magnetic Reynolds numbers
where γ is an eigenvalue. This allows us to determine the critical magnetic Reynolds above which the dynamo excitation is possible. The results are presented in In general, the higher Mach number the more compressible the fluid, i.e., the more stratified its density. An increase in the Mach number leads to changes in the equilibrium velocity field v eq and, in particular, decreases the energy in the non-axisymmetric components of the flow (Fig. 5(b) ). This, in turn, affects the kinematic dynamo problem (17) by increasing the value of the critical Rm (Fig. 6(b) ). the stronger the non-axisymmetric distortions, the lower the threshold value of magnetic Reynolds number for the onset of the dynamo.
V. NON-LINEAR SATURATION OF DYNAMO FIELD
Next we analyze the state of the fully saturated dynamo generated magnetic field and its back reaction on the flow. In this section we report the results of fully non-linear simulations the flow. Here E mag is about 0.3% of the total energy of the flow E kin . Due to the lack of an axisymmetric magnetic field (m = 0) and the small amplitude of the non-axisymmetric fields, the back reaction of the dynamo magnetic field on the axisymmetric flow is very weak and the imposed von Kármán flow is essentially unmodified. The structure of the saturated magnetic field, with the m = 1 azimuthal harmonic visibly dominating the overall structure, is shown in Fig. 8(a) .
In the Hall MHD case (ε = 0.05) the dynamics of the system is different (Figs. 7(c,d) ).
After the non-axisymmetric flow with even modes develops (at τ ≈ 100) the odd harmonics of the magnetic field start to grow, as in single-fluid MHD case. Now however, when the odd harmonics of the magnetic field become large enough (at τ ≈ 500), the Hall effect becomes 
for the field amplitude). This is a direct consequence of the magnetic induction equation (12) , which in a saturated state (∂/∂τ = 0) now reads:
Indeed, if the magnetic Reynolds number Rm and functions v and n are independent of ε, then the solution for the magnetic field b can be written as
where h is a vector-function independent of ε satisfying equation
and boundary conditions (15) . In the case under consideration it is clear that the scaling used in (19) is valid only asymptotically for large Hall numbers ε when the magnetic field b is small and its influence on the flow is negligible. Under these assumptions, the plasma velocity v and density n do not depend on ε and correspond to the purely hydrodynamical equilibrium that is determined by the fluid Reynolds Re and Mach M numbers (as described in section III). Thus, for relatively large Hall parameters (ε > ∼ 0.2) the saturation of the dynamo takes place due to the back reaction of the Hall term in induction equation (12) long before the amplitude of the magnetic field is large enough to change the flow significantly. This is in contrast to the single-fluid MHD dynamo (and the Hall dynamo with ε << 0.1), where the saturated state is achieved due to modification of the flow profile by the growing dynamo field before the Hall effect plays a considerable role. Scaling (19) suggests that the Hall effect is unfavorable for the dynamo.
We note Refs. [22] [23] [24] to scaling E mag ∝ ε −2 .
VI. DISCUSSION
We have performed numerical simulations of a plasma dynamo for cylindrical von Kármán flow using the extended MHD code NIMROD. These NIMROD simulations provide numerical support for the Madison Plasma Couette Experiment (MPCX). We have demonstrated that sustained dynamo action and self-generation of magnetic field can be attained for parameters that are achievable in the experiment. Our results show that the critical magnetic Reynolds number required for dynamo excitation strongly depends on the plasma compressibility: the more compressible the fluid, the higher the critical Rm (Fig. 6) . Inclusion of two-fluid effects into the model (in the form of the Hall term in the induction equation) does not influence the critical Rm, but does change the structure of the saturated flow and the dynamo field (Fig. 7) . The effect of the Hall term on dynamo field is negative: the energy of the saturated magnetic field scales as 1/ε 2 when the Hall number is ε > ∼ 0.2 (Fig. 9 ).
The simulations show that the presence of non-axisymmetric distortions in the flow plays Re > 160 when the axisymmetric shear flow becomes hydrodynamically unstable. Therefore, in order to observe the dynamo effect in the MPCX, the plasma has to be driven above a critical hydrodynamical threshold. For a helium plasma with number density n 0 = 10 m −3 , electron temperature T e = 16 eV and ion temperature T i = 0.9 eV, the peak driving velocity should be V 0 = 20 km/s.
Another issue is related to the detection of the laminar dynamo field in the experiment.
Since the saturated magnetic energy of the dynamo field is only a small fraction of the total kinetic energy, the resulting dynamo field is relatively weak. For the helium plasma considered above, the volume-averaged saturated dynamo magnetic field is B 0 ≈ 0.1 Gauss.
Such a small field is still detectable even on the background of the much stronger multicusp field from the rings of magnets (about 10 3 Gauss near the walls) due to the different azimuthal symmetries of these two fields.
Lastly, we remark on the model used in our simulations. The single-fluid MHD model (ε = 0) is adequate for predicting critical magnetic Reynolds numbers and the thresholds for sustained dynamo action. The fully non-linear saturated dynamo state differs however when the Hall effect is included. It appears that the isothermal Hall MHD model (ε > 0) is a good "rough" approximation for the plasma under experimental conditions, but this model also does not capture the full details of the plasma dynamics. Other effects such as thermal conductivity, electron pressure, and anisotropic viscosity can all play important roles in a real plasma experiment. These effects will be the subject of future studies.
